We study entry loci of varieties and their irreducibility from the perspective of X-ranks with respect to a projective variety X. These loci are the closures of the points that appear in an X-rank decomposition of a general point in the ambient space. We look at entry loci of low degree normal surfaces in P 4 using Segre points of curves; the smooth case was classically studied by Franchetta. We introduce a class of varieties whose generic rank coincides with the one of its general entry locus, and show that any smooth and irreducible projective variety admits an embedding with this property.
Introduction
Given a projective variety X ⊂ P r and a point q ∈ P r , the X-rank of q, denoted rk X (q), is the minimal number of points p 1 , . . . , p s ∈ X required to span q.
The X-rank is a generalization of matrix rank and of the more recently studied tensor and Waring ranks. The recent burst of results on the latter ones has reinvigorated the interest in classical questions linked to them, e.g. the study of tangents, secants and their defectivity issues [32, 33] . However, other objects in classical algebraic geometry may have natural interpretations in terms of ranks: studying them could shed light, provide new interesting insights and perspectives to X-ranks. This is the case for the entry locus of a general point in the ambient space of X.
Let X ⊂ P r be a projective variety and q ∈ P r a general point; the entry locus Γ q (X) of q is the closure of the set of all points p ∈ X appearing in an X-rank decomposition of q. We believe that a better understanding of entry loci would be a valuable source of information for the embedded projective geometry of X and relevant for a deeper analysis of rank questions.
The entry locus is a natural object associated to decompositions of q, and so naturally related to varieties of sums of powers (VSP's, for short) of q. The latter ones have attracted a lot of attention since the work of Mukai [24, 25] . Thereafter, several authors gave more instances of remarkable geometric nature, see e.g. [30] .
When rk X (q) = 2, the corresponding entry loci have been already shown to play a significant role in reflecting important projective properties of X. Ionescu and Russo [31, 16] studied smooth varieties with (local) quadratic entry locus (the so-called QEL manifolds and their local version, the LQEL manifolds) and established several results about them. It is an interesting class of varieties; for instance, they are rationally connected and have extremal tangential behavior.
We propose the possibly daunting study of higher entry loci, i.e. rk X (q) > 2. One of our main long-term goals is to determine whether remarkable properties and structures appear for entry loci as well. This work is a first attempt to that. Similarly to the context of VSP's, there is a lack of explicit examples and methods to attack general situations. For instance, one of the basic questions we wonder is what conditions are favorable in order to detect irreducibility of entry loci (Question 4.1); we provide an answer in a specific situation in §4. This is a very classical issue and work of Lopez and Ran [20] (in the case of the entry locus Γ q (X) when rk X (q) = 2) proved irreducibility in some range; in loc. cit. this result was shown to imply a variant of Zak's linear normality theorem [33, Theorem II.2.14] . In these regards, we wonder what is the precise relation (if any) between higher entry loci and a generalization of Zak's linear normality theorem proved by Chiantini and Ciliberto [6, Theorem 7.5 and Corollary 7.6] .
For the sake of comparison, the very same irreducibility question may be asked for VSP's; as far as we know, several known results for these varieties (e.g. the rationality results of Massarenti and Mella [22, 21] ) apply to each of the irreducible components, without knowing the irreducibility to begin with.
Another geometric tool we hope to bring to problems in the setting of X-ranks is the interesting notion of Segre points of a projective variety, studied by Calabri and Ciliberto [5] and introduced by B. Segre. We specifically look at Segre points of entry loci and derive some geometric information: we apply them to the first intriguing case of entry loci, i.e. that of normal surfaces in P 4 . For the latter surfaces, we focus on the first low degree cases. In the smooth case, for completeness, we include a proof of the irreducibility of entry loci (with essentially one exception), which follows from the classical work on the double curve ("la curva doppia") by Franchetta dating back to 1941 [8] .
Contributions and structure of the paper. We now describe more thoroughly the content of this paper. Notation and preliminary definitions used throughout the article are set up in §2. Here we also record some basic facts about entry loci.
In §3, we recall the definition of Segre points for a projective variety and we prove Lemma 3.5 and Lemma 3.7 that are useful to describe entry loci for some surfaces in P 4 , which is achieved in §5. In Theorem 3.6, we give a description of the closure of the Segre locus of the entry locus of n-dimensional projective variety X ⊂ P 2n .
The delicate question raised in §4 asks how to detect irreducibility of the general entry loci Γ q (X). The answer to such a classical question seems to be out of reach in general. In some range, this problem was solved by Lopez and Ran [20] . Theorem 4.2 and Proposition 4.3 provide such a case when X is a birational general linear projection. Next, we introduce types (Definition 4.5) according to whether the entry locus Γ q (X) is irreducible (type I) or not (type II). Moreover, X is said to be of type A if for a general point in the span Γ q (X) the entry locus does not change (Definition 4.6) . This turns out to be a valuable property in terms of ranks with respect to X and Γ q (X), as highlighted by Lemma 4.8 and Theorem 4.10. The latter relates type IA with QEL-manifolds of Ionescu and Russo [16, 31] . Remark 4.12 shows that any smooth complete intersection X ⊂ P 2n of n hypersurfaces of degrees d 1 , . . . , d n ≥ 2 such that d 1 + · · · + d n ≥ 2n + 1 is of type B.
In §5, we look at normal surfaces of low degree X ⊂ P 4 . When X is smooth, we record a proof of the irreducibility of the entry loci for all smooth surfaces X ⊂ P 4 , unless X is an isomorphic projection of the Veronese surface in P 5 , which is derived from a classical result due to Franchetta [8] . Although we believe this is known to experts, we could not find a reference where the proof is written explicitly; so we include a proof for the sake of completeness.
For such surfaces X, the general entry locus is a curve. In Proposition 5.5, we give the degree of Γ q (X). Corollary 5.8 describes the situation for X being a normal cone. Proposition 5.9 provides a description of Γ q (X) for normal surfaces of minimal degree three. In Theorem 5.10, we analyze entry loci of degree four surfaces with sectional genus one.
§6 is devoted to the class F(n, s) of projective varieties whose entry loci are irreducible curves (Definition 6.1). We prove that any smooth and irreducible projective variety W can be embedded in such a way W is isomorphic to an element of F(n, s); in fact, Theorem 6.3 gives sufficient conditions on a line bundle in order to define such an embedding. As a consequence, perhaps surprisingly, this result suggests how large the collection F(n, s) is.
In §7, under the assumption ( †) (i.e. in characteristic zero there are no tangentially degenerate curves), we prove that for a type A non-defective n-dimensional variety X ⊂ P s(n+1)−2 , its entry locus Γ q (X) is the rational normal curve of degree 2s − 2 (Theorem 7.2). In the special case when s = 3, without assuming ( †), Theorem 7.5 shows that Γ q (X) is rational.
Preliminaries
We work over an algebraically closed field of characteristic zero. Let X 1 , . . . , X s ⊂ P r be integral and non-degenerate varieties. Assume 1 ≤ s ≤ r + 1, so that {p 1 , . . . , p s } is linearly independent for a general collection (p 1 , . . . , p s ) ∈ X 1 × · · · × X s . (Although, the assumption on s is not necessary in what follows.)
The abstract join J (X 1 , . . . , X s ) ⊂ X 1 × · · · × X s × P r is the closure of the locally closed set of all tuples (p 1 , . . . , p s , q) with p i ∈ X i , such that q ∈ p 1 , . . . , p s . Let π : J (X 1 , . . . , X s ) − → P r be the projection onto the last factor P r . The projective variety J(X 1 , . . . , X s ) := π(J (X 1 , . . . , X s )) ⊆ P N is the join of X 1 , . . . , X s . When X = X i , the (abstract) join is called (abstract) s-th secant of X. Let σ s (X) denote the s-th secant of X; r gen (X) is the least integer such that σ rgen (X) = P r .
Joins and secants can be naturally defined for reducible varieties as well [6, §1] ; in this case they might be reducible.
A finite set S ⊂ P r irredundantly spans q ∈ P r if q ∈ S and q / ∈ S ′ for any S ′ S. The cardinality of a finite set S is ♯(S). Definition 2.1. Let X ⊂ P r be a non-degenerate projective variety. The X-rank of a point q ∈ P r is r X (q) = min{s | q ∈ p 1 , . . . , p s , p i ∈ X}, i.e. the finite set {p 1 , . . . , p r X (q) } irredundantly spans q. A general q ∈ P r satisfies r X (q) = r gen (X). Whenever X is degenerate in its ambient space, the definition applies to the points q ∈ X .
When all secants of Y have the expected dimension, Y is said to be non-defective. Proof. Let d = deg(Y ). Taking a general linear projection, we reduce to the case r = 3, by Remark 3.4. Take any irreducible curve D ′ ⊆ Σ(Y, T ) and let D ⊆ S(Y, T ) its closure in P 3 . By Remark 3.3, we may assume that Y = T = P 3 . For a general o ∈ D, each line through o meeting Y meets T . Since Y and T have only finitely many Segre points [5, Theorem 1], we get that for a general o ∈ Y the curve π o (Y ) (resp. π o (T )) has degree d (resp. deg(T )). Since π o (Y ) = π o (T ), one has deg(T ) = d, and that Y and D are birational.
There are ∞ 2 -many lines spanned by a point of Y and a different point of T . Since dim D = 1 and a general o ∈ D is contained in ∞ 1 -many lines meeting Y and a different point of T , we obtain S(D, Y ) ⊇ T . Thus, by the same arguments as above, deg(D) = d, and D and Y are birational.
Theorem 3.6. Let n ≥ 2 and X ⊂ P 2n be an n-dimensional integral and non-degenerate variety such that σ 2 (X) = P 2n . Let q ∈ P 2n be general. Then:
. Then Π is a plane spanned by the union of the components of Γ q (X) contained in Π.
Proof. (ii). Take an irreducible component ∆ of S(Γ q (X)) such that dim ∆ ≥ 2. By 
Proof. Assume that such an o exists, i.e. assume that the cone W with vertex o and base Y contains T . Since W contains Y ∪ T , we have W = P r . However, W ⊆ {o} ∪ M , and so dim W ≤ m + 1 < r, a contradiction.
We include the next result, which is not used anywhere else in the rest; however it may be of interest on its own right: 
Then the map π o|T can be regarded as a finite morphism ψ :
By assumption deg(T ) < 2 deg(Y ), and hence ψ is a birational morphism. In conclusion, deg(T ) = deg(Y ) = deg(W ). However, the irreducible cone W has no non-degenerate codimension one subvariety of degree deg(W ) (the only ones with this degree being the hyperplane sections), a contradiction.
Irreducibility of some entry loci
One of the first questions one might ask on entry loci is as follows:
. . , X ′ s and then chose a general subspace E and a general point q ∈ P r , M is a general m-dimensional linear subspace of P r+m . Since m ≥ 1, J(X ′ 1 , . . . , X ′ s ) = P r+m , J (X ′ 1 , . . . , X ′ s ) is irreducible and M is general, applying r times the second Bertini theorem ([17, part 4) of Th. 6.3] or [13, Ex. III.11.3]) gives that proj −1 (M ) is irreducible, where proj is the projection onto P r+m of the abstract join J (X ′ 1 , . . . , X ′ s ). The set proj −1 (M ) is the closure of the union of all sets (p 1 , . . . ,
Proposition 4.3. Fix an integer s ≥ 2, m > 0, and an integral non-degenerate variety X ′ ⊂ P r+m such that σ s (X ′ ) = P r+m and X ′ has codimension at least m. Let X ⊂ P r be a general projection of
Proof. This is the case when X ′ i = X ′ for all i in Theorem 4.2. Remark 4.4. One would like to extend this to the case when X is not a birational general linear projection. However, there are technical difficulties and counterexamples if we do not assume that σ s (X ′ ) = P r+m . The irreducibility of the entry locus for s = 2 and X smooth is the main result of Lopez and Ran [20, Theorem 1]. Definition 4.5 (Types). Let s ∈ N and let X be a projective variety. The variety X is said to be of type I at s if Γ q (X, s) is irreducible for a general q ∈ P r . Otherwise, X is of type II at s. When s = r gen (X) we simply say that X is of type I or type II, respectively. Definition 4.6. Let X ⊂ P r be integral and non-degenerate variety. The variety X is said to be of type A if Γ o (X) = Γ q (X) for a general o ∈ Γ q (X) . Otherwise, X is said to be of type B. Remark 4.7. There is a flattening stratification of the algebraic family of reduced projective schemes Γ q (X), q ∈ P r \ σ s−1 (X) ([26, Lecture 8] or [27, Theorem 5.13 ]), i.e. there is a partition of P r \ σ s−1 (X) into finitely many locally closed subsets E 1 , . . . , E t , such that, for each i ∈ {1, . . . , t}, the algebraic family Γ q (X) over E i is flat. Hence, for all q ∈ E i , the schemes Γ q (X) have the same Hilbert polynomial [13, III.9.9]. Call U the unique E i containing a non-empty open subset of the irreducible variety P r \ σ s−1 (X). Taking a non-empty open subset V of U we may also assume that, for all q ∈ V , the schemes Γ q (X) have the same number of irreducible components and the same Hilbert function. Note that, in particular, Γ q (X) (for q ∈ V ) share the spanning dimension, 
Proof. Let U ⊂ P r be a non-empty Zariski open subset of P r from Remark 4.7, and possibly shrink it so that all p ∈ U satisfy r X (p) = r gen (X).
We may assume q ∈ U . Since U is open and q ∈ U ∩ Γ q (X) = ∅, the latter is an open subset of Γ q (X) . Let o ∈ U ∩ Γ q (X) . Thus r X (o) = r gen (X). Note that the inclusion Γ q (X) ⊆ X implies r Γq(X) (o) ≥ r X (o). We next show that r Γq(X) (o) ≤ r X (o).
Since X is of type A, one has Γ o (X) = Γ q (X). Now, for every z ∈ Γ o (X), one has z ∈ Γ q (X). This means that the points in every rank decomposition of o (with respect to X) sit inside Γ q (X). Therefore
Smooth varieties with quadratic entry locus of [16, 31] (the so-called QEL-manifolds) are of type IA, see [11, pp. 965-966] : the entry locus is a smooth irreducible quadric hypersurface in its span.
Theorem 4.10. Let X ⊂ P r be an integral projective variety of dimension n.
(i) If X is of type A, then r gen (X) = r gen (Γ q (X));
(ii) Suppose all secants of Γ q (X) have the expected dimension and that X is of type I. Then X has type IA if and only if ℓ(X) = (γ(X) + 1)r gen (X) − γ(X) − 1; (iii) Assume r gen (X) = 2 and that X is of type I. Then X is of type IA if and only if ℓ(X) = γ(X) + 1; (iv) Assume r = 2n and X smooth. Then X is of type IA if and only if it is a QEL-manifold.
Proof. (i). This is a direct consequence of Lemma 4.8.
(ii). Let U be as in the proof of Lemma 4.8. Fix q ∈ U and assume that X is of type IA. Fix a general o ∈ Γ q (X) . Since q ∈ U , we may assume o ∈ U and hence r X (o) = r gen (X). Since X is of type IA, Γ o (X) is irreducible and of dimension γ(X) and Γ o (Γ q (X)) = Γ q (X). Now assume that all secant varieties of Γ q (X) have the expected dimension. By (i), r gen (Γ q (X)) = r gen (X). Therefore
where the left-hand side is dim σ rgen−1 (Γ q (X)) + 1, the right-hand side is the dimension of σ rgen (X), as Γ q (X) is non-defective. By Lemma 4.8, we have the equality Γ o (Γ q (X)) = Γ q (X); so Γ o (Γ q (X)) has dimension γ(X) for a general o ∈ Γ q (X) . By Lemma 2.6 applied to the variety Γ q (X), we see that
For the converse, suppose ℓ(X) = (γ(X) + 1)(r gen (X) − 1). Then
(iii). Let q ∈ P r be general. Suppose ℓ(X) = γ(X) + 1. Then Γ q (X) is a hypersurface in its span Γ q (X) . Using inequality (1), we derive that X is of type IA.
Suppose X is of type IA. Since r gen (X) = 2, a general point o ∈ Γ q (X) satisfies r Γq(X) (o) = 2. Since dim Γ o (Γ q (X)) = γ(X), there is a γ(X)-dimensional family of sets S ⊂ Γ q (X) such that ♯(S) = 2 and o ∈ S . Therefore ℓ(X) = γ(X) + 1.
(iv). Suppose X is of type IA. By Lemma 2.6, γ(X) = 1. By (iii), ℓ(X) = 2, i.e. a general Γ q (X) is a plane curve of degree d > 1. Since q is general in P r and r gen (X) = 2, Γ q (X) contains two general points x, y of X. By the Trisecant lemma, the set {x, y} is the scheme-theoretic intersection between X and the line {x, y} . Thus d = 2. Since X is of type I, Γ q (X) is an irreducible conic. Thus X is a QEL-manifold.
For the converse, suppose X is a QEL-manifold. By [11, pp. 965-966], Γ q (X) is an irreducible conic, and so X is of type I. Therefore γ(X) = 1 and ℓ(X) = γ(X) + 1. By (iii), X is of type IA. There are many non-degenerate smooth X ⊂ P 2n of dimension n and not of type IA. For instance, one may take the complete intersection of n hypersurfaces of degrees d 1 , . . . , d n ≥ 2 such that d 1 + · · · + d n ≥ 2n + 1 (so that the canonical bundle has global sections). By Theorem 4.10 and [16, Theorem 2.1(i)] each such X is either of type IB, IIB or IIA, as otherwise X would be rational.
Claim: X is not of type IIA. Proof of the Claim: On the contrary, suppose X is of type A. Fix a general q ∈ P 2n and assume Γ o (X) = Γ q (X) for a general o ∈ Γ q (X) . Assume for the moment ℓ(X) = 2, i.e. Γ q (X) is a plane curve. As in the proof of Theorem 4.10(iv), we see that Γ q (X) contains a plane conic, then X would be a local QEL-manifold (called a LQEL-manifold) which is rational [16, Theorem 2.1(iii)], contradicting the assumption on X.
Now assume ℓ(X) > 2. Fix a general S = {p 1 , p 2 } ∈ S(X, q). Since X is of type A, we see that there are infinitely many decompositions
Since q ∈ S , q is contained in the join J(C 1 , C 2 ) of the irreducible curves C 1 and C 2 . Thus, for a general o ∈ J(C 1 , C 2 ), the entry locus Γ o (X) contains the closure of sets
Since any join of irreducible curves has the expected dimension, one has dim J(C 1 , C 2 ) = 3, unless dim C 1 ∪ C 2 = 2; the latter case was already considered in the first paragraph of this proof. Then we are left with the case dim J(C 1 , C 2 ) = 3. A dimension count shows that, for a general o ∈ J(C 1 , C 2 ), there are only finitely many S ′ ⊂ C 1 ∪ C 2 such that ♯(S ′ ) = 2 and o ∈ S ′ . Thus Γ o (X) = Γ q (X), which is a contradiction.
Therefore we have the following Corollary 4.13. Any smooth complete intersection X ⊂ P 2n of n hypersurfaces of degrees d 1 , . . . , d n ≥ 2 such that d 1 + · · · + d n ≥ 2n + 1 is of type B.
Entry loci of surfaces
To study entry loci for surfaces X ⊂ P 4 when X is a linearly normal smooth surface of P 4 , one may employ a result of Franchetta [8] . Although we believe the result on entry loci of surfaces featured in Theorem 5.2 is probably known to experts, we could not find a reference with an explicit proof. We include a proof here for the sake of completeness. First, we recall the following classical definition [23, Def. 7]:
Definition 5.1. Let Y ⊂ P 3 be an integral surface. X is said to have ordinary singularities if either it is smooth or its singular locus is a reduced curve D ⊂ Y with the following properties:
(i) D is either smooth or it has finitely many ordinary triple points (i.e., points with exactly three branches, all of them smooth and whose tangent cone spans P 3 ); (ii) a smooth point of D is either an ordinary non-normal node of Y (i.e., at this point, Y has 2 smooth branches with distinct tangent planes) or a pinch point of Y (i.e., at this point, Y is analitically equivalent to x 2 − zy 2 = 0 locally at (0, 0, 0) ∈ C 3 ); (iii) Y has only finitely many pinch points; (iv) at each triple point of D, Y has an ordinary triple point (i.e., at this point, Y is analitically equivalent to the surface xyz = 0 locally at (0, 0, 0) ∈ C 3 ). Proof. Fix a general q ∈ P 4 and set Y := π q (Y ) and π := π q|X : X − → Y . By [23, Theorem 8] Y is an integral surface of degree deg(X) with ordinary singularities. Set C := π −1 (D). We have Γ q (X) = C. First assume that X is an isomorphic projection of the Veronese surface. In this case Y is the Steiner's Roman Surface, i.e., a degree 4 integral surface with a triple point, p, and D is the union of 3 lines through p. The curve C is a union of 3 smooth conics, each of them sent by the 2 : 1 map π onto a line of D.
Now assume that X is not an isomorphic linear projection of the Veronese surface. We show that C is irreducible. By a theorem of Franchetta ([8] , or see [23, Theorem 5] for a complete proof in modern language) D is irreducible. (C and D are Weil divisors and their interpretation in terms of conductors is explained in [29, §2] .) Assume that C is not irreducible. Let C i be the irreducible components of C. Since π |C has degree two, one has 2 = deg(π |C ) = t i=1 deg(π |C i ); thus C has two irreducible components, C 1 and C 2 . Now, the map π |C i is an isomorphism over each smooth point of D, because it is bijective.
Call m ∈ N the number of pinch points of Y . Since Y have only ordinary singularities, its pinch points are smooth points of D and they correspond to tangent lines L to X passing through q with deg(L ∩ X) = 2. Since τ (X) = P 4 (see e.g. [9, Th. 5.1 or Example after Corollary 5.2], [33, Theorem 1.4]), we have m > 0. Fix a pinch point p ∈ D and let z be the corresponding point of C. Since z is the only point of X with π(z) = p, one derives z ∈ C 1 ∩ C 2 . Thus z is a singular point of C, contradicting smoothness of C proven in [12, p. 618]: they give explicitly local equations for D and its cover C (in their notation, C corresponds to s = 0 locally at the origin), showing that they are smooth at our points p and z respectively. Remark 5.3. Let X ⊂ P 4 be a degree d integral and non-degenerate surface with only isolated singularities. Note that we may take as X a general linear projection of a smooth and non-degenerate surface X ′ ⊂ P r , r ≥ 5, i.e. we are not assuming that the singular points of X (if any) are normal singularities. Let g be the arithmetic genus of a general hyperplane section X ∩ H of X, where H ⊂ P 4 is a general hyperplane. Since X has only finitely many singular points, Bertini's theorem gives that X ∩ H is a smooth and irreducible curve [13, II.8.18 and III.7.9]. Thus X ∩ H has geometric genus g. Since X is non-degenerate, X ∩ H spans H and hence we may apply Castelnuovo's upper bound for g in terms of d [14, Theorems 3. 7 and 3.13]. When X is a birational linear projection of a smooth surface X ′ ⊂ P r (r ≥ 5), d and g are then the invariants of a smooth and non-degenerate curve of P r−1 . Castelnuovo's upper bound for the genus of curves in P r−1 excludes more pairs (d, g); see [14, 3.7 We have an algebraic family {Γ q (X)} q∈U of effective Weil divisors of X, whose irreducible components are reduced. Let V be the image of the family {Γ q (X)} q∈U in the Hilbert scheme of X. The family V may have lower dimension, as for a general q ∈ U there may exist infinitely many p ∈ U with Γ p (X) = Γ q (X). Its dimension dim V is another invariant of the embedded variety X.
To study entry loci for surfaces in P 4 , it is useful to first record the following Proposition 5.5. Let X ⊂ P 4 be a degree d integral and non-degenerate surface of sectional genus g and let q ∈ P 4 be general. Then Γ q (X) is a curve of degree
Proof. By Lemma 2.6, Γ q (X) is a curve. Let H ⊂ P 4 be a general hyperplane containing q. Since q is general, the hyperplane section C = X ∩ H is a genus g smooth, connected and non-degenerate curve of H. Let U be a non-empty open subset of P 4 as in Remark 4.7. We may assume q ∈ U . Let π q be the linear projection from q; thus π q (C) is a curve with ordinary nodes of degree d and geometric genus g. Hence π q (C) has (d − 1)(d − 2)/2 − g nodes. The set of nodes of π q (C) is in bijection with the elements of S(C, q). So ♯(S(C, q)) = (d − 1)(d − 2)/2 − g and hence, by definition,
Example 5.6. A complete intersection X ⊂ P 4 of two general hypersurfaces of degrees d 1 = 2 and d 2 = 3 is a smooth canonically embedded K3 surface of degree 6 and genus 4. By Corollary 4.13, X is of type B. By Theorem 5.2 and Lemma 5.5, the entry locus Γ q (X) is an irreducible curve of degree 12. Let D be the reduced singular locus of the projection π q (X) of X from the point q; D is a curve of degree 6 and arithmetic genus 4 [21, Example 4.17] and it is the base locus of the inverse of the birational morphism π q |X : X → π q (X). The entry locus Γ q (X) is a double cover of D.
Lemma 5.7. Let X ⊂ P 3 be an integral and non-degenerate curve.
(i) If X is not a rational normal curve then ♯(S(Γ q (X))) = 1.
(ii) If X is a rational normal curve then Σ(Γ q (X)) is a line with two points removed.
Proof. Fix a general q ∈ P 3 . We have r X (q) = 2. Moreover, ♯(S(X, q)) = 1 if and only if X is a rational normal curve [7, Theorem 3.1]. (i). Assume X is not a rational normal curve and take A, B ∈ S(X, q) such that A = B.
The sets A and B are lines containing q. Thus either A = B or A ∩ B = ∅.
In the latter case, q is unique point contained in all D , D ∈ S(X, q).
(ii). Assume X is a rational normal curve and write {A} = S(X, q). All points of q ′ ∈ A \ A have rank two and such that Γ ′ q (X) = A, because X has no trisecant lines. Therefore A = Γ q ′ (X) if and only if q ′ ∈ A \ A. (v) If deg(X) = 3 then Σ(Γ q (X)) is a plane through v with two lines through v removed.
Proof. (i). Fix hyperplanes H, M ⊂ P 4 \ {v}. Let π : P 4 \ {v} − → P 3 be the projection from v. Note that π |H : H − → P 3 and π |M : M − → P 3 are isomorphisms.
Since q is general in P 4 , q H is general in H. Thus r C H (q H ) = 2 and the integer ♯(S(C H , q H )) is the same for general q and general hyperplanes.
(ii). As in the proof of Proposition 5.5, one has
For a general q H ∈ H, as q is outside the locus of trisecants to C H , we also have A ∩ B = ∅ for all A, B ∈ S(C H , q H ) such that A = B. Thus, varying the hyperplane H ⊂ P 4 such that v / ∈ H, we see that S(X, q) ⊇ ∪ A∈S(C H ,q H ) A; the latter is D \ {v}, where D is the cone with vertex v and base given by a (arbitrary) finite set A ∈ S(C H , q H ) (for fixed H). Hence Γ q (X) ⊇ D.
To see that D = Γ q (X), let z ∈ Γ q (X) \ D. Then there exists p ∈ X such that q ∈ z, p . Since z = v, there exists a hyperplane H ⊂ P 4 such that v / ∈ H and z, p ⊂ H; note that, using the notation above, q = q H . Then {z, p} ∈ S(C H , q H ) and so z, p ⊂ D, a contradiction.
(iii). This is a consequence of the description of Γ q (X) given in (ii). (iv). Fix a hyperplane H ⊂ P 4 such that v / ∈ H. This statement is equivalent to the equality S(Γ q H (C H )) = {q H }, as in Lemma 5.7(i).
(v). This is a consequence of Lemma 5.7(ii).
Proposition 5.9. Let X ⊂ P 4 be an integral and non-degenerate surface with only isolated singularities of minimal degree deg(X) = 3. Then X is of type A. Moreover, X is of type II if and only if it is a cone.
Proof. Such surfaces are classically classified, and their general hyperplane section X ∩H is a rational normal curve: either X is a cone over a rational normal curve of P 3 or it is isomorphic to the rational ruled surface F 1 embedded by the complete linear system |h + 2f |. In both cases, by Proposition 5.5, Γ q (X) is a conic. Thus γ(X) = 1 and ℓ(X) = γ(X) + 1. In this case, one can slightly improve Theorem 4.10(iii): for any o ∈ Γ q (X) , one can check that Γ o (X) coincides with the conic Γ q (X), and so X is of type A. This shows the first statement. Suppose X is a cone with vertex v. Then apply Corollary 5.8(iii). Now assume X = F 1 . The lines of X are only the section h and the fibers |f | of the ruling. Since X has only ∞ 1 -many lines, a general Γ q (X) must be irreducible and so X is of type I. This shows the statement. (i) When X is a cone with vertex v, Γ q (X) is a hyperplane section of X containing v, i.e. it is formed by four lines through v, no three of them coplanar.
(ii) When X is not a cone, Γ q (X) coincides with the general hyperplane section and ♯S(Γ q (X))) = 4.
Proof. The general hyperplane section C = X ∩ H is a quartic curve by Lemma 5.5. The classification of surfaces in the statement is given in [3] and [10, 8.11 and 8.12] .
The surface X is the complete intersection of two quadrics; moreover, C is a complete intersection of two quadric surfaces and hence it is a linearly normal elliptic curve. Assume X is a cone and let v be its vertex. Take a hyperplane H ⊂ P 4 such that v / ∈ H and let q ′ = {v, q} ∩ H. Since X ∩ H is a smooth space curve of degree three and q is general, q ′ is a general point in H. Thus ♯(S(C, q ′ )) = 2, i.e. Γ q (X) ∩ H is formed by four points (as C is a linearly normal elliptic curve), and Γ q (X) is the union of the four lines passing through v and containing one of these points.
Assume X is not a cone. In this case, X does not contain ∞ 1 -many lines. Indeed, X is a complete intersection of quadrics in P 4 and so ω X ∼ = O X (−1).
Assuming there are infinitely many lines, since there is a finite number of singular points of X, there exists a line L ⊂ X reg . Since there is a positive dimensional family of lines, L 2 ≥ 0, i.e. the degree of the normal bundle of L is non-negative. Note that ω X · O X (L) = − deg(L) = −1; however, this contradicts adjunction: −2 = deg(ω L ) = L 2 + ω X · L. Thus there are only finitely many lines. This implies that the entry locus Γ q (X) is either irreducible or a union of two irreducible conics.
Suppose Γ q (X) = D ∪ D ′ , where D, D ′ are conics (possibly the same). Since X is a surface, there is no a two-dimensional family of conics. Therefore, there are at most a finite number of families of conics, each being at most one-dimensional. Suppose C and C ′ belong to two (possibly the same) families F, F ′ , each of dimension at most one.
We have two cases according to the value of dim D ∪ D ′ . Suppose D ∪ D ′ = P 4 . Then Lemma 3.7 implies that there is no q ∈ P 4 such Γ q (X) = D ∪ D ′ . Suppose D ∪ D ′ = P 3 . By Lemma 3.5 there are at most ∞ 1 -many points in P 4 for fixed conics D, D ′ . However, since F and F ′ are at most one-dimensional, the points q ∈ P 4 such that Γ q (X) = D ∪ D ′ are ∞ 3 -many; this is a contradiction as q was general in P 4 .
We show that for a general hyperplane section C := X ∩ H of X there are exactly four points o 1 , o 2 , o 3 , o 4 ∈ H such that C = Γ o i (X). Since C is a linearly normal elliptic curve, the following facts are well-known (see e.g. Case (2) in the proof of [28, Theorem 1]):
(i) C is contained in exactly 4 quadric cones and their vertices 4 are the only points inside p ∈ H such that r C (p) = 2 and such that S(C, p) is infinite. These are equivalent to r C (p) = 2 and Γ p (C) = C; the latter equality holds because C is an irreducible curve.
Since o i ∈ H and o i / ∈ C = X ∩ H, we have r X (o i ) > 1. Since r C (o i ) = 2 and Γ o i (C) = C, we get r X (o i ) = 2 and Γ o i (X) ⊇ C. Since Γ o i (X) is a degree 4 curve, one has Γ o i (X) = C.
For a general q ∈ P 4 , we showed above that Γ q (X) is an irreducible curve of degree four. Note that Γ q (X) cannot be a rational normal curve because for every hyperplane H containing q, q is spanned by four points on C = X ∩ H which are coplanar. The curve Γ q (X) cannot be a plane curve of degree d = 4 either, by the very same argument in the proof of Theorem 4.10(iv). Thus Γ q (X) is a hyperplane, for q ∈ U , where the latter is an open set in P 4 where Γ q (X) have the same degree and arithmetic genus for each q as in Remark 4.7. Define the following morphism:
Since for any integral curve Y ⊂ P 3 , its Segre set Σ(Y ) is finite, it follows that this map is finite. Thus it is dominant by dimensional count. Hence the general hyperplane section is of the form C = X ∩ H q = Γ q (X). Moreover, property (iii) of the linearly normal elliptic curve C stated above yields deg(ψ) = 4 and so ♯(Σ(Γ q (X))) = 4.
A large class of varieties
Let n ≥ 2 and s ≥ 3. We introduce the following class of projective varieties: Definition 6.1. Let r = s(n + 1) − 2. Let F(n, s) be the set of all integral and nondegenerate n-dimensional varieties X ⊂ P r such that σ s (X) = P r and X has type I. Note that r gen (X) = s. By assumptions on r and X, Lemma 2.6 implies that Γ q (X) is an irreducible curve.
Let X ∈ F(n, s). Since Γ q (X) is non-defective, 2s − 2 ≤ ℓ(X) ≤ 2s − 1. Theorem 4.10(ii) shows that ℓ(X) = 2s − 2 if and only if X is of type IA.
The next results explain why F(n, s) is a large class of varieties. We start with an auxiliary lemma: Lemma 6.2. Fix a an integral projective variety W of dimension n ≥ 2, and a very ample line bundle L on it. Assume h 1 (L ⊗t ) = 0 for all t ≥ 1. Fix integers k and m such that k ≥ 2m > 0. Let j : W − → P N be the embedding defined by the linear system |L ⊗k | and set Y = j(W ). Then dim σ m (Y ) = m(n + 1) − 1 and ♯(S(Y, q)) = 1 for all q ∈ P r such that r X (q) ≤ m.
Proof. We first prove the following claim.
Claim : For each integer i ≥ 1 and each S ⊂ W such that ♯(S) = i we have h 1 (I S ⊗ L ⊗i ) = 0 and h 0 (
Proof of the Claim: If i = 1, the statement holds, because L is globally generated (equivalently, L does not have base points) and h 1 (L) = 0. Similarly, note that, for every i ≥ 2, L ⊗i is globally generated and h 1 (L ⊗i ) = 0 implies h 1 (I p ⊗ L i ) = 0, for every p ∈ W .
Assume i ≥ 2. Let S ⊆ W such that ♯(S) = i. Fix p ∈ S and set A = S \ {p}. Since L is very ample and A is finite, there exists a section H ∈ |L| such that H(p) = 0 and not vanishing on any of the points in A. Let D be the support of H. Thus we have the exact sequence:
where L |D is L restricted on D. By induction, h 1 (I A ⊗ L ⊗(i−1) ) = 0.
Since L ⊗i |D is very ample, one has h 1 (I p,D ⊗ (L |D ) ⊗i ) = 0 as before. This proves the Claim. Since k ≥ 2m and h 1 (L ⊗k ) = 0, the Claim implies h 1 (I S ⊗ L ⊗k ) = 0 for each set S ⊂ W such that ♯(S) ≤ 2m, i.e. any subset of Y with cardinality at most 2m is linearly independent in P N . Thus ♯(S(Y, q)) = 1 for all q ∈ P r such that r X (q) ≤ m. This implies that the first m secant varieties of Y have expected dimension dim σ m (Y ) = m(n + 1) − 1.
We are now ready to prove the following: Theorem 6.3. Fix an integer s ≥ 3. Let W be a smooth and irreducible projective variety. Then there exists X ∈ F(n, s) such that X ∼ = W .
Proof. Fix a very ample line bundle L on W such that h i (L ⊗t ) = 0 for all i ≥ 1 and all t ≥ 1. Let j : W − → P N be the embedding induced by the complete linear system |L ⊗k | for some k ≥ 2s. Let Y = j(W ), and r = s(n + 1) − 2.
By Lemma 6.2, the first s secants of Y have the expected dimension. Note that dim σ s (Y ) = s(n + 1) − 1 = r + 1. Lemma 6.2 shows that for every p ∈ P N such that r Y (p) ≤ s, one has ♯(S(Y, p)) = 1. This implies N ≥ dim σ s (Y ) = r + 1. Indeed, otherwise, σ s (Y ) would have already filled up the ambient space P N with the constructible set S(Y, q) being positive dimensional for a general q ∈ P N , which contradicts Lemma 6.2.
Let V ⊂ P N be a general linear subspace with dim V = N − r − 1 and let X = π V (Y ) ⊂ P r be the projection of Y from V . The variety X is isomorphic to Y , as V ∩ σ 2 (Y ) = ∅, by the generality of V . Hence X ∼ = W . Notice that the general point p ∈ P r is the projection of a general point q ∈ σ s (Y ). Indeed, the projection π V induces a rational dominant map from σ s (Y ) to P r . Now we prove that X has type I. Note that r gen (X) = s. By Lemma 2.6, γ(X) = dim Γ q (X) = s(n + 1) − r − 1 = 1. Fix a general q ∈ P r . So there is p ∈ σ s (Y ) such that q = π V (p). Since q is general in P r , p is general in σ s (Y ) and in particular r Y (p) = s. Definition 6.4. Let F ′ (n, s) (resp. F ′′ (n, s)) denote the set of all X ∈ F(n, s) of type IA (resp. type IB). Remark 6.5. Fix X ∈ F ′ (n, s) and let p g (X) (resp. p a (X), d X ) be the geometric genus (resp. arithmetic genus, degree) of the entry locus Γ q (X).
Let X ∈ F(n, s) and Γ q (X) be the corresponding general entry locus. The latter passes through s general points of X. Thus if X ∈ F ′ (n, s) there are strong lower bounds for p g (X) (e.g. X may contain no curve with small geometric genus) and strong lower bounds on d X (e.g. when X is embedded by a very positive line bundle it does not contain low degree curves).
We conclude this section with two natural questions: Question 6.6. Fix X ∈ F(n, s). Is X ∈ F ′ (n, s)? Assume X ∈ F ′ (n, s) and smooth. Is a general entry locus of X a smooth curve? Question 6.7. What is the minimum of all p g (X) (resp. p a (X), d X ) among all X ∈ F ′ (n, s) and among all smooth X ∈ F ′ (n, s)?
Tangentially degenerate curves
Let r ≥ 3, and X ⊂ P r be an integral and non-degenerate curve. We say that X is tangentially degenerate if a general tangent line L = T p X of X, where p ∈ X reg , meets X \ {p}. In positive characteristic, many tangentially degenerate smooth curves are known [18, 19] . In characteristic zero, no tangentially degenerate curve is known. In characteristic zero, neither smooth nor nodal curves are tangentially degenerate [18, Theorem 3.1 and Remark 3.8]; moreover, other important classes of singular curves are not tangentially degenerate [3] . Let ( †) denote the following condition:
( †) In characteristic zero, there is no tangentially degenerate curve.
Theorem 7.2. Assume ( †). Fix integers n ≥ 2 and s ≥ 3. Let r = s(n + 1) − 2. Let X ⊂ P r be an integral and non-defective n-dimensional variety. Assume σ s (X) = P r and that X is of type IA. Then deg(Γ q (X)) = 2s − 2, ℓ(X) = 2s − 2 and Γ q (X) is a rational normal curve of Γ q (X) .
Let X be as in the assumption of Theorem 7.2. Assuming ( †), this result implies that X is rationally connected and for any s general points of X there passes a rational curve of degree 2s − 2. Lemma 7.3. Assume ( †). Let X ⊂ P r , r ≥ 4, be an integral and non-degenerate curve. Fix a general tangent line L of X and let π L : P r \ L − → P r−2 be the linear projection from L. Let f : X − → P r−2 be the morphism induced by π L|X\X∩L . Then f is birational onto its image and deg(f (X)) = deg(X) − 2.
Proof. Since L is a general tangent line of X, L does not contain singular points of X, it is tangent to X at a unique point p with order of contact two, L = T p X.
Since X ∩ L ⊂ X reg and P r−2 is a projective variety, π L|X\X∩L extends to a unique morphism f : X − → P r−2 . Assume that f is not birational onto its image, i.e. assume that L meets infinitely many secant lines of X at points outside X.
There are finitely many points q ∈ P r \ X such that q ∈ Σ(X), the Segre set of X. Since L is a general tangent, we may assume that L contains no such a point. Thus a general o ∈ L is contained in at least one line M such that M is not tangent to X reg and ♯(M ∩ X reg ) ≥ 2. Now we prove that for a general L and a general o ∈ L there is a line M , M not tangent to X reg , such that ♯(M ∩ X reg ) = 2. This is clear if X reg has only finitely many multisecant lines. Then we may assume that X reg has infinitely many multisecant lines. By the Trisecant lemma [1, p. 109] the multisecant lines of X are ∞ 1 -many, i.e. the set Φ of all multisecant lines is a finite union of irreducible families, say E 1 , . . . , E h , of dimension at most one. For 1 ≤ i ≤ h, call T i the closure in P r of the set ∪ R∈E i R. Each T i is an integral surface ruled by lines. Since we are in characteristic zero, only finitely many lines of each of the rulings of T i are tangent to X reg . Then a general tangent line to X reg is not contained in T 1 ∪ · · · ∪ T h .
In conclusion, L meets only finitely many multisecant lines. So for a general o ∈ L, we have deg(M ∩ X) = 2 and M ∩ X is reduced;
Claim : The morphism h : X − → P r−1 is birational onto its image.
Proof of the Claim: Since we are in characteristic zero, it is sufficient to prove that h is generically injective. Fix a general z ∈ X. 
Since r − 1 ≥ 3 and we assume ( †), the curve Y ′ is not tangentially degenerate. Since p is general in X and o is general in L = T p X, the pair (p, p 1 (o)) is general in X ×2 . Hence h(p) is a general point of Y . Note that
Thus Y is tangentially degenerate, which contradicts ( †).
In conclusion, the map in the statement f : X − → P r−2 has to be birational onto its image. Moreover, since deg(L ∩ X) = 2, deg(f (X)) = deg(X) − 2.
Proof of Theorem 7.2: Take a general q ∈ P r . By assumption r X (q) = s and Γ q (X) is an irreducible curve. Note that Theorem 4.10(ii) implies ℓ(X) = dim Γ q (X) = 2s − 2 ≥ 4. Thus deg(Γ q (X)) ≥ 2s − 2 and equality holds if and only if Γ q (X) is a rational normal curve of Γ q (X) .
Since S(X, q) ⊆ Γ q (X) and q is general, we may assume that Γ q (X) contains a general S ⊂ X such that ♯(S) = s. Such an S is also a general subset of Γ q (X) with cardinality s. Thus S ⊂ X reg ∩ Γ q (X) reg . Fix A ⊂ S such that ♯(A) = s − 2, so A ⊂ X reg . Now, let V = ∪ p∈A T p X and W = ∪ p∈A T p Γ q (X) .
Since Γ q (X) contains s general points of X and X is non-defective, Terracini's lemma [32, Corollary 1.4.2] gives dim V = (s − 2)(n + 1) − 1 and dim W = 2s − 5. Let X ′ ⊂ P 2n be the closure of the image of X \X ∩V through the linear projection π V : P r \V − → P 2n away from V . Write E = S \ A. Since S is general both in X and Γ q (X), we have V ∩ E = ∅, V ∩ E = ∅. Note that E ∩ V = ∅ implies Γ q (X) V .
Since S is general in X, π V (E) is a general subset of X ′ with cardinality two; in particular, π V (E) ⊂ X ′ reg . Since ∪ p∈S T p X = P r , we have ∪ p∈π V (E) T p X ′ = P 2n ; one has r gen (X ′ ) = 2. The linear projection π V restricted on Γ q (X) induces the linear projection π W (i.e. the linear projection from W ) from Γ q (X) onto an irreducible curve D of degree d > 1. Applying (s − 2)-many times Lemma 7.3, we see that to prove the statement it is sufficient to prove that D has d = 2, i.e. it is a conic.
Let D • = π V (Γ q (X) \ (Γ q (X) ∩ V )). Thus D • is an irreducible algebraic set of dimension ≤ 1 containing at least two points, i.e. the points in π V (E). The closure D of D • is a curve containing π V (E). The following claim finishes off the proof:
Claim : D is a plane curve of degree d = 2.
Proof of the Claim : One has dim D ≤ 2. Note that, since X is of type IA, we see that D = Γ z (X ′ ) for a general z ∈ P 2n (z depends on E). In other words, D is an entry locus of X ′ . If D were a line, then every point on its span D = D ⊂ X ′ would have X ′ -rank one, a contradiction. So the curve D is not a line and hence d ≥ 2. Since S is general in X, π V (E) is general in X ′ and spans a general z ∈ P 2n . The Trisecant lemma [1, p. 109] implies that π V (E) ∩ X ′ is a reduced degree two scheme. On the other hand, the scheme π V (E) ∩ X ′ contains the degree d scheme π V (E) ∩ D. Thus d = 2.
In the next two results we do not need ( †).
Lemma 7.4. Let X ⊂ P 4 be an integral and non-degenerate curve. For a general p ∈ X reg , set L := T p X. Let π : P 4 \ L − → P 2 be the linear projection from L and f : X − → P 2 the extension of π X\X∩L : X \ X ∩ L − → P 2 . Assume that f is not birational onto its image. Then f (X) is not a conic.
Proof. Let α = deg(f ) ≥ 2 and d = deg(X). Assume that f (X) is a conic. This is equivalent to X being inside a quadric hypersurface Q L with vertex containing L. Since X is non-degenerate, Q L is irreducible; L is contained in its vertex and the latter cannot have dimension ≥ 2. So Q L has vertex L.
Due to the generality assumption on p, for a general o ∈ X reg with L o = T o X, the curve X is contained in a quadric hypersurface Q Lo , with vertex L o . Since each Q Lo is irreducible, Q Lo and Q L o ′ are distinct, if L o and L o ′ are distinct tangent lines.
Let U ⊆ X reg be the non-empty Zariski open subset of X reg for which the quadric hypersurface Q Lo is defined. Set Φ = ∩ o∈U Q Lo . The tangential variety τ (X) of X is a surface and τ (X) ⊂ Φ. Since Φ contains a surface containing X, it is non-degenerate and hence deg(Φ) ≥ 3. Since Φ is contained in the intersection of two distinct quadrics, deg(Φ) ≤ 4. Thus deg(τ (X)) ∈ {3, 4}. Let H ⊂ P 4 be a general hyperplane. Since X ⊆ Sing(τ (X)) (in characteristic zero), τ (X) ∩ H is a non-degenerate integral space curve with at least d ≥ α · deg(f (X)) ≥ 4 ≥ deg(τ (X)) singular points, which is a contradiction.
Theorem 7.5. Let X ⊂ P 3n+1 be an integral non-degenerate and non-defective variety of type IA such that σ 3 (X) = P 3n+1 . Then Γ q (X) is a rational curve.
Proof. As in Theorem 7.2, Γ q (X) is an irreducible curve. Fix a general S ⊂ X such that ♯(S) = 3. We repeat the proof of Theorem 7.2. In this case, ♯(A) = 1, say A = {a}, with a ∈ Γ q (X) reg general. Using the notations above, the Claim in the proof of Theorem 7.2 shows that f (Γ q (X)) is a smooth conic, independently of Lemma 7.3. Note that ℓ(X) = 2s − 2 = 4, which means Γ q (X) = P 4 . We apply Lemma 7.4 to Γ q (X), which yields that f is birational onto its image. Thus Γ q (X) is a rational curve.
